Abstract. In the paper, some new inequalities for the mixed discriminants are established, which are the matrix analogues of inequalities of the well-known mixed volumes function.
Introduction
Let x 1 ,... ,x n be a set of nonnegative quantities and by E i (x) the i-th elementary symmetric function of an n -tuple x = x(x 1 ,... ,x n ) of positive reals is defined by E 0 (x) = 1 and
An interesting inequality for the symmetric function was established ( [1] , also see [2] , p. 33) as follows. E i (x + y) E i−1 (x + y)
A matrix analogue of (1.1) is the following result of Bergstrom [3] . Let K and L be positive definite matrices, and let K i and L i denote the submatrices obtained by deleting the i-th row and column. Then
An interesting proof is due to Bellman [4] (also see [2] , p. 67). A generalization of (1.2) was established by Ky Fan [5] (also see [6] [7] ). There is a remarkable similarity between inequalities about symmetric functions (or determinants of symmetric matrices) and inequalities about the mixed volumes of convex bodies. In 1991, V. Milman asked if there is version of (1.1) or (1.2) in the theory of mixed volumes and it was stated as the following open question (see [8] ): QUESTION 1.1. For which values of i and every pair of convex bodies K and L in R n , is it true that
The convex body is the compact and convex subsets with non-empty interiors in R n . [14] ). That is
where the coefficients
Steiner's formula is a special case of Minkowski's theorem; the volume of K + tB, t > 0 , can be expanded as a polynomial in t :
where
) is the quermassintegral of convex body K .
A part answer (L must be a ball) of (1.3) was established by Gianopoulos, Hartzoulaki and Paouris [9] ).
If K is a convex body and D is a ball in R n , then for i = 0,...,n − 1
The answer to the above question is negative; it can be proved that (1.3) is true in full generality only when i = n − 1 or i = n − 2 (the details see [10] ). Moreover, a dual inequality of (1.4) for the dual quermassintegral of star bodies was proved by Li and Leng [11] .
In the paper, we establish some new matrix analogues of the mixed volumes inequalities. Our main results are given in Theorems 3.1-3.3 (see Section 3).
Mixed discriminants and Aleksandrov's inequality
Recall that for positive definite n × n matrices K 1 ,...,K N and λ 1 ,...,λ N 0, the determinant of the linear combination λ 1 K 1 +···+λ N K N is a homogeneous polynomial of degree n in the λ i (see e.g. [12] ), 
Note that the elementary mixed discriminants D 0 (K),... ,D n (K) are thus defined as the coefficients of the polynomial
The well-known Aleksandrov's inequality for mixed discriminants can be stated as follows (see [13] , also see [14] , p. 383 or [15] , p. 35):
Let K 1 , K 2 ,...,K n be real symmetric positively definite n × n matrices. Then
4)
with equality if and only if K 1 =λ K 2 with positive number λ .
Some matrix analogues of the mixed volumes inequalities
THEOREM 3.1. Let K be symmetric positively definite matrix and I stand for the identity matrix and t 0 . If 0 i < n, then Proof. If f i (s) = D i (K + sI), then by the linearity of the mixed discriminant we see that
Hence
Similarly, we obtain
From (2.4), we obtain for all 0
with equality if and only if K = μI. From (3.2), (3.3) and (3.4), we have
This implies that the function m i :
Hence, for every t 0
with equality if and only if K = μI. Inequality (3.1) easy follows from (3.5).
The proof is completed. 
is an increasing function. Similarly, from the proof of Theorem 3.2, for the mixed volumes of convex bodies, we obtain:
is an increasing function. 
Proof. From (3.1), it easy follows that the function g(s) 
